Introduction
Different from the classical harmonic analysis, more general nonisotropic groups of dilations are considered on multiparameter harmonic analysis. In the past decades, many multiparameter theories of harmonic analysis have been developed, such as [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] .
Discrete Littlewood-Paley theory is a useful tool to study multiparameter harmonic analysis, which is developed by Han, Lu, and Sawyer in [16] to study flag Hardy spaces. Recently, the authors in [17] introduced a new Hardy space as follows:
Let ψ (1) 0 , ψ (1) ∈ S(R n 1 ) with
suppψ (1) ⊆ ξ ∈ R n 1 :
Let ψ (2) ∈ S(R n 2 ) with suppψ (2) ⊆ ξ ∈ R n 2 :
j∈Z ψ (2) 
en, for j, k ∈ Z, j ≥ 1, set ψ (1) j (x) � 2 jn 1 ψ (1) (2 j x), ψ (2) k (x) � 2 kn 2 ψ (2) (2 k x), ψ j,k (x, y) � ψ (1) j (x)ψ (2) k (y), and ψ 0,k (x, y) � ψ (1) 0 (x)ψ (2) k (y).
respectively. e multiparameter mixed Hardy space
where
e symbol N means the set of natural numbers including zero. e multiparameter mixed Hardy space is well defined, that is, H p mix is independent of the choice of functions ψ (1) 0 , ψ (1) , and ψ (2) , which has been proved in [17] . e main purpose of this paper is to establish the boundedness of operators on H p mix . Firstly, let us recall something about singular integrals of nonconvolution type. A locally integral function K(x, y) defined away from the diagonal x � y in R n × R n is called a one-parameter nonconvolution Calderón-Zygmund kernel with a regularity exponent ε > 0 if K(x, y) satisfies, for some constant C > 0, the size condition
and the regularity conditions
whenever |y − y ′ | ≤ (1/2)|x − y|, and
whenever |x − x ′ | ≤ (1/2)|x − y|. e smallest such constant C is denoted by ‖K‖ CZ . We call an operator Tone-parameter nonconvolution Calderón-Zygmund operator if T is a singular integral operator associated with a one-parameter nonconvolution Calderón-Zygmund kernel K(x, y) given by
However, by a classical result, H p , 0 < p ≤ 1, boundedness of T implies that the operator must satisfy additional condition: T(φ)(x)dx � 0 for any φ ∈ S ∞ (R n ), named T * (1) � 0. On the contrary, to ensure the boundedness of T on local Hardy spaces h p , 0 < p ≤ 1, additional condition |K(x, y)| ≤ C(1)/|x − y| n+δ , for some δ > 0, should be included [18] . According to these, we extend this definition of singular integral operators in Journé class on R n 1 × R n 2 suitable for our multiparameter mixed Hardy spaces, named mixed Journé class.
Definition 2.
A singular integral operator T is said to be in mixed Journé class on R n 1 × R n 2 with regularity exponent ε ∈ (0, 1] and δ > 0 if
where the kernel K satisfies the following conditions.
For each x 1 , y 1 ∈ R n 1 , set K 1 (x 1 , y 1 ) to be the singular integral operator acting on functions on R n 2 with the kernel
and similarly,
en there exists a constant C > 0 such that
Theorem 1. Suppose that T is a singular integral operator in mixed Journé class on
Remark 1. e meaning of T 1 (1) � 0 is understood as follows: for any fixed y 2 ∈ R n 2 ,
Similarly, T 2 (1) � 0, where M � M p,n 1 ,n 2 is a large positive integer dependent only on p, n 1 , n 2 .
similarly for T * 2 (1) � 0. e organization of this paper is as follows. In section 2, we recall a discrete Calderón-type identity on L 2 (R n 1 +n 2 ) ∩ H p mix which is proved in [17] . In section 3, we prove eorem 1.
Finally, we make some conventions. roughout the paper, C denotes a positive constant that is independent of the main parameters involved, but whose value may vary from line to line. Constants with subscript, such as C 1 , do not change in different occurrences. We denote f ≤ Cg by
Calderón-Type Identity
To show eorem 1, we need a new discrete Calderón-type identity on L 2 (R n 1 +n 2 ) ∩ H p mix . To do this, for any large [17] . (1) and ϕ (2) satisfy conditions (16)-(20), respectively.
en, for any
where the series converges in L 2 (R n 1 +n 2 ) and H p mix , and
(
22)
Corollary 1 (see [17] ). Let 0 < p ≤ 1. Suppose that ϕ j,k satisfies the same conditions as in eorem 2. en, for
where N is the same as in eorem 2.
Boundedness
Now, we are ready to prove eorem 1. For
in L 2 (R n 1 +n 2 ), where ψ j,k satisfy the same conditions as in eorem 2. By the L 2 boundedness of T,
en, Corollary 1 gives that Journal of Function Spaces
where ϕ j′,k′ and ψ j,k satisfy the conditions in eorem 2.
Formally, one has
To deal with the case that |y 1 − z 1 | or |y 2 − z 2 | is small, we use the argument in [19] . For 0 < η < 1, let C η 0 (R n ) denote the space of continuous functions f with compact supports such that
is finite. Note that if φ ∈ S(R n ) with suppφ ⊆ Q for some cube Q in R n , then φ ∈ Lip η (R n ) for any 0 < η < 1, and
and for any j ∈ Z,
A linear one-parameter operator T from C η 0 (R n ) to (C η 0 (R n )) ′ , 0 < η < 1, is said to satisfy the weak boundedness property if
boundedness of T implies that T satisfies the weak boundedness property. is property can be generalized to multiparameter operators.
bounded, then T satisfies the following weak boundedness property:
Next, we need some almost orthogonality estimates about ϕ j′,k′ * T(ψ j,k (· − u 1 , · − u 2 )(x 1 , x 2 ). From now on, ϕ j′,k′ and ψ j,k satisfy the conditions of eorem 2, and T satisfies the conditions of eorem 1. In Definition 2, without loss of generality, we may assume δ ≥ ε. Lemma 2. For any k, k ′ ∈ Z and any 0 < ε ′ < ε, there exists a positive constant C such that
(34) 1 on B(0, 2) and 0 outside its double. en,
One can check that
and ‖ϕ (1) [19] . Hence, by the weak boundedness of T on R n 1 +n 2 , we have
On the contrary, using ϕ (2) � 0, one has
which implies that
by the weak boundedness of operator
we have
Since |x 2 − u 2 | ≤ 10 · 2 − k and |x 1 − u 1 | ≤ 8, one has 2 − k ≈ 2 − k + |x 2 − u 2 | and 1 + |x 1 − u 1 | ≈ 1, which give that Journal of Function Spaces 5
Now, we deal with case II. Using ϕ (2) � 0, one has
By the weak boundedness of
(45)
In the above integral, one can check that |y 2 − z 2 | ≈ |x 2 − u 2 | and |x 2 − u 2 | ≈ 2 − k + |x 2 − u 2 |, which together with the smooth condition of K 2 yield that
By symmetry, with a similar proof, one can discuss case III and case IV since T * 2 (1) � 0. Now, we turn to case V. Firstly, proceeding as case I, one can divide ϕ 0,k′ * T(ψ 0,k (· − u 1 , · − u 2 )(x 1 , x 2 ) into A and B, that is,
en, by the weak boundedness of operator K 1 (y 1 , z 1 ), one has
Using the support condition of ϕ (1) 0 and ψ (1) 0 and the size condition of K 1 (y 1 , z 1 ) when |y 1 − z 1 | > 1, we can obtain that 6 Journal of Function Spaces
With similar estimates in (42), using ϕ (2) � 0, one has
(50)
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In case VI, similar as estimates (46), using ϕ (2) � 0, one has ϕ 0,k′ * T ψ 0,k · − u 1 , · − u 2 x 1 , x 2 � ϕ (1) 0 x 1 − y 1 ϕ (2) k′ x 2 − y 2 K y 1 , z 1 , y 2 , z 2 − K y 1 , z 1 , x 2 , z 2 × ψ (1) 0 z 1 − u 1 ψ (2) k z 2 − u 2 dy 1 dy 2 dz 1 dz 2
since |x 1 − u 1 | > 8 which implies that |z 1 − y 1 | > 1. By symmetry, we complete the proof.
